Products of cell-like decompositions  by Daverman, Robert J.
Topology and its Applications ll(l980) 121-139 
@ North-Holland Publishing Company 
PRODUCTS OF CELL-LIKE DECOMPOSITIOhTS” 
Robert J. DAVERMAN 
Department of Mathematics, The University of Tennessee, Knoxville, TN37916, USA 
Received 19 November 1979 
This paper represents a survey concerning cell-like decompositions of manifolds. Primarily it 
summarizes the sta?3xs of results and problems describing when the product of E’ with such a 
decomposition space is again a manifold, and more generally it discusses conditions under which 
the product of two such decomposition spaces is also a manifold. 
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1. The generaR!zed R.L. Moore problem 
Over fifty years ago R.L. Moore introduced the concept of an upper semicon- 
tinuous decomposition 1581 and shortly thereafter he established what has been 
regarded ever since as the fundamental result about decompositions of the plane 
Theorem (Moore). If G is un upper semicontinuous decomposition f Euclidean 
2-space E* into compact continua not separating E*, then the decomposition space 
E*/G is homeomorphic to E*. 
While addressing the American Mathematical Society in 1935, G.T. Whyburn 
asked which conditions on an upper semicontinuous decomposition G of E3 would 
guarantee the validity of the higher dimensional nalogue, namely, that E’/G is 
homeomorphic toE3. He suggested imposing atrial condition called “point-like” on 
the elements of G [72]. (A compact set X in E” is point-like (in E”) if E” - X is 
homeomorphic toEn - point.) This led to: 
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whyborn’s Question. If G is an upper semicontinuous decomposition f E3 such 
that each g E G is a point-like continuum, isE’IG topologically E3? 
For the most part the term “point-like” has been displaced from current usage, in 
favor of the term “cellular”; a subset X of an n-manifold 1M is said to be cellular (in 
M) if M contains a family of R-cells {Cj 1 i = 1,2, . . . } such that Ci+l c Int ci and 
X = n Cr. The Generalized Schoenflies theorem of Morton Brown [19] implies that 
these notions are equivalent for a compact subspace X of E”; in an arbitrary 
noncornpact n-manifold, however, although every cellular subset must be point-like, 
the converse does MOT hold. 
Somewhere around 1955, R.H. Bing answered Whyburn’s Question in the 
negative, xhibiting his famous Dogbone Space [14]. It is a decomposition G of E3 
into points and tame arcs, which rather obviously are cellular subsets, uch that E3/ G 
is not a manifold, and its nonclegenerate el ments are the components of an infinitely 
in&rated intersection whose initial stages are pictured in Fig. 1. (M.K. Fort, Jr., 
refined Bing’s description so that thiese nondegenerate el ments are polyhedral rcs 
[41], which perhaps are more widely understood than tame arcs.) Possibly an 
example like this might have come to be expected by 1955, but it must have been 
startling when Bing later showed that the product of E’ with E’/G is topologically 
E4 [lSj. Euclidean space can have some peculiar factors. 
From classical results about generalized 2-manifolds [73, p. 2721 it follows that, 
when X x E’ is homeomorphic to E3, X itself must be homeomorphic to E2. 
Accordingly, the Moore Theorem can be reconstrued asthe assertion that (E2/G) x 
E’ is homeomorphic to E’, provided that G is a cellular decomposi?ion f E2. When 
the Moore Theorem is put this way, the Dogbone Space behaves as a consistent 
analogue. This should suggest the general question: 
Generalized Moore Problem. If G is a cellular upper semicontinuous decom- 
position of E”, is (En/G) xi? homeomorphic to E”+l? 
This problem, or the particular version BEor the case n = 3, has been circulating for 
nearly 20 years (see 116, p. 191 and [S, p. 19]), and the formulation above as an 
explicit variation to the Moore Theorem has been around since the times of my 
earliest opological memories. Steve Armentrout has told me that he has always 
regarded the problem similarly as a reformulation of the Moore Theorem, but he 
would not admit o initiating this pest:spective, andI cannot pinpoint who did. 
This survey will focus on the part al answers to the Generalized Moore Problem 
that have been given to date. The early history is outlined in Sectic’n 4, and the more 
recent history growing out of the Cell-Like Approximation Theorem is described in 
Sections 7 (higher dimensions) and 9 (low dimensions). In addition, the Cell-Like 
Approximation Theorem itself is discussed briefly in Section 6, and other 
consequences of it are mentioned in Section 8. The remaining sections include a list 
of definitions (Section 2), a statement ofthe Bing Shrinkability Criterion (Section 3), 
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Fig. 1 
a short discussion of the dimension-raising cell-like decomposition problem (Section 
S), and a description of some results related to product heorems concerning sliced 
decompositions (Section 10). 
2. Preliminary definitions 
A decomposition G of a space S is a partition of S, and the associated decomposition 
space S/G is the space of equivalence classes of the partition G, equipped with the 
quotient opology induced by the natural map v : S + S/G: 
A decomposition G of S is upper semicontinuous if, first, each g E G is a compact 
subset of S and, second, for each open set U containing E G there exists another 
open set V containing such that every g’E G intersecting V is included in U. 
Equivalently, when each element gfrom a decomposition G of a Hausdorff space S
is compact, G is upper semicontinuous if and only if 7r : S + S/G is a closed map. As a 
result, the study of upper semicontinuous decompositions is the study of closed maps 
f : X + Y for which each inverse set r’(y) is compact. The language and notation of 
decomposition theory emphasize the exploratory nature of the related closed maps, 
which venture from known domain into unknown territory; when thinking of a 
decomposition problem as a mapping problem, one should mentally denote the map 
asf:X+?. 
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All decompositions considered here will be upper semicontinuous ones. Hence- 
forth, this property will be abbreviated as USC. 
Upper semicontinuity insures that the decomposition space S/G has a topological 
structure approximately asrich as that of S. In particular, it follows quickly from the 
Urysohn Metrization Theorem that if G is a USC decomposition f a separable metric 
space S, then S/G is also separable metric. Generally, if G is USC decomposition f a 
metric space S, then S/G is also metric [54,70]. 
Despite the earlier discussions ofpoint-likeness and cellularity, we still have not 
named the optimally desirable quality for elements of the decompositions to be 
considered here. Following R.C. Lather .[52], who studied the concept most 
intensively (see also [7] and [64]), we say that a compact subset X of an ANR Y is 
cell-like (in Y) if X is contractible inevery neighborhood f itself. It turns out that if 
X e Y is cell-like in Y, then no matter how it is embedded inanother ANR Y’, its 
image is cell-like in Y’. In other words, cell-likeness i  an intrinsic property; unlike 
cellularity, which is a feature of the embedding, the cell-like property is invariant 
under embeddings in ANR’s. Consequently, one can speak of a compact set X itself 
being cell-like, without reference to an overriding ANR. 
Transparently, cellular subsets of manifolds are cell-like. Examples like the 3-cell 
in E3 bounded by the Alexander Horned Sphere [l] show the converse to be false. 
Nevertheless, there is a weak converse, significant for product decompositions, 
obtained by D.R. McMillan, Jr. (see [56, Theorem 81). 
Theoream (McMillan). Eaery ceMike subset X of En, considered as En x (0) in 
E” x El = e-1 , is cellular in E”+l. 
It is standard practice to speak of a decomposition G as being cell-like, cellular, 
point-like, or whatever, if each decomposition element gE G is. In these terms, not 
only is a decomposition f E2 into nonseparating continua cellular one, it is also a 
cell-like lone- Accordingly, the Generalized Moore Problem can be phrased: 
(GMP) If G is a cell-like USC decomposition f En, is (En/G) x E’ homeomorphic 
to E”+l? 
The product space (En/G) x E’ is naturally equivalent to the decomposition space 
E”“‘/(G x E’), where G x E’ deitotes the decomposition (gx{t)lg E G, t E El}. 
Here the McMillan Theorem hches the equivalence between cell-likeness 
and cellularity: G is a cell-like dfz’composition f and only if G x E’ is a cellular 
one. 
Two useful bits of notation: for amy decomposition G we use I$Q to denote the set 
of its nondegenerate el ments and fii, to denote what is called the nondegeneracy set 
of G, namely, the union of these nondegenerate el ments. 
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Given a decomposition G of a metric space, one says that the elements of H;;, or 
simply of G, form a necN sequence if, for each E > 0, & has only a finite number of 
elements with diameter 3~. 
Finally, we frequently use the symbol “=” as a substitute for the phrase ‘“is 
homeomorphic to.” 
3. The shrinkability criterion 
TO prove that the cell-like image of E2 is topologically E*, Moore investigated the 
resultant topological properties of the image space, matching them with the axioma- 
tic characterization f E*. At that time cellular decompositions of E3 would have 
seemed highly intractible compared to those of E*, for even if a decomposition f E3 
appeared to yield E3 as its associated decomposition space, one had no reasonable 
topological characterization f E3 to apply. With his powerful geometric instincts, 
Bing circumvented this difficulty, as her exploited aremarkably useful Shrinkability 
Criterion in a variety of ways throughout the 1950’s. It caused a fundamental 
methodological change-within decomposition theory, transferring the focus from the 
unknown decomposition space back to the known source space. Itaimed to provibe a 
realization of that decomposition space in the source, as the ultimate result of a 
sequence of manipulations there upon the decomposition elements, hrinking them 
to successively smaller sizes, with sufficient controls governing the sequence to force 
the limiting map to have precisely the given decomposition elements as its collection 
of point inverses. 
Here is one version of that criterion. A USC decomposition G of a space X is said to 
be shrinkable, or to satisfy the Bing Shrinkability Criterion, if for each open cover % 
of X/G and for each open cover V of X there exists a homeomorphism. h of X onto 
itself satisfying 
(1) to each x E X there corresponds U E % such that {x, h(x)} c F*(U), and 
(2) to each g E G there corresponds V f Oy such that h(g) c V. 
Bing essentially showed that if G is a shrinkable decomposition of a (metric) 
manifold M, then M/G is homeomorphic toM [12,13,15]. (Indeed, this represents 
the straightforward application of the Shrinkability Criterion; the first paper 
concerning the Dogbone Space [141 hints at the more remarkable applications, when 
Bing shows that if the Dogbone Space were a 3-manifold, the decom,position would 
be shrinkable.) Later L. McAuley adapted Bing’s methods to cover shrinkable 
decompositions of locally compact metric spaces [SS], and RD. Edwards-L.C. 
Glaser expanded it further to include shrinkable decompositions of complete metric 
spaces 1381. A particularly nice phrasing of these results has been stressed and 
publicized by Edwards: a use decomposition G of a locally compact or complete 
metric space M is shrinkable if and only if the natural projection 7r : M + M/G can be 
approximated byhomeomorphisms (see [35,53]). 
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4. Early history 
Modifying Bing’s proof that the product of E’ with the Dogbone Space is E4, J.J. 
Andrews and M.L. Curtis derived the analogue in case the decomposition has an arc 
as its only nondegenerate el ment [3]. 
Theorem 1 (Andrews-Curtis). If A is any arc in En, thin (En/A) x E’ = En+‘. 
Later J.L. Bryant generalized their result from arcs to cells [20,21]. 
. 
Theorem 2 (Bryant). If C is any cell in En, then (En/C) x E’ = E”+l. 
By exerting rigorous control upon the shrinking process, various people developed 
improvements o the Andrews-Curtis and Bryant results, providing information 
about decompositions having a countable number of nondegenerate el ments. Two 
examples are: 
Theorem 3 (Gillman-Martin [42]). If G is a USC decomposition of E” into points and a 
countable collection of arcs, then (En/G) x E’ = En+‘. 
Theorem 4 (Meyer [57]). If G is a USC decomposition f En into points and a null 
sequence of cells, then (En/G) x E’ = I??. 
At the heart of all these was an idea first used by Bing in shrinking the product of 
the Dogbone decomposition with E ‘, an idea revealed most easily in the proof of the 
Andrews-Curtis result. It depended on an elementary fact, proved by Klee [47], that 
the level arcs A x {t} in E” x E1 are individually flat; hence, in a preselected discrete 
set of levels the arcs lying there could be shrunk to small size, pushing from one 
endpoint toward the other. The ingenious step was to alternate directions of pushing 
and to fit the moves together in such a way that every level, not just the preselected 
discrete collection, was shrunk to small size. 
Bryant obtained his resulit n much the same spirit, parameterizing the cell c” as dk 
and carefully squeezing uut the interval factors of 1’ one at a time. When we 
understood his proof, W.T. Eaton, and I noticed that the first step of the program 
applied automatically toa proble we were studying at the time [29]. 
Corollary 5 (Daverman-Eaton) . &ppose e is an embedding of S2 x I in ES and G is 
the decomposition f E3 for which H ~=(e(sxI)lsES2}. Then (E3/G)xE1=E4. 
Inspired by Bryant’s work, many others (e.g., [9,11]) proved that (En/G) X E’ = 
E”+l under conditions providing enough intrinsic structure on the nondegenerate 
elements to permit the ss.me alternating end-to-end shrinking, .generalizing the 
methods et forth by Bing With just an occasional exception (the main one will be 
mentioned shortly), this was the only technique available in the 1960’s. 
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Similar attacks were also mustered in the related setting involving the product of 
two (nontrivial) decompositions. 
Theorem 6 (Kwun [SO]). ,v A is an arc in En and B is an arc in Em, then 
(En/A) x (Em/B) is homeomorphie to En+“. 
B.J. Smith crystallized the ingredients in Kwun’s argument [66]. 
Theorem 7 (Smith). If G(i) is a cell-like USC decomposition of E n(i’ (i = 1,2) such that 
the closure in E”“‘/G(i) of n(&<i,) is Q-dimensional and that 
(En(‘)/G(l)) X En(z) = En(l!+n(Z) = E”(1) X (E”(z)/G(z)), 
(E”(l)/ G( 1)) x (Ent2’/ G(2)) = En(1’+n(2)_ 
Extending Kwun’s result in a different form, W.P. Amsbury obtained the following 
[Z], after A.J. Boals [18] had done the same thing for a restricted class of such 
decompositions. 
Theorem 8 (Amsbury). If G(i) is a decomposition f Enti) (i = 1,2) into points and a 
null sequence ofarcs, then (E ““‘/G( 1)) x (@“‘/G(2)) = E”(l)+“(‘). 
Prior to the work of Bryant, Andrews and Rubin had produced a remarkable 
paper [4] in which they avoided completely all hypotheses on the intrinsic structure 
of the nondegenerate elements, working instead with properties concerning the 
embedding of these elements in E3. Compared to the proofs of other product 
theorems, whit? all incorporate some cumbersome geometric technology, theirs 
displays a dazzling analytic elegance. For beginners in the subject, it gives a 
rewarding and pleasant read. 
They speak of a decomposition G of E3 as being defined by solid tori provided 
there exists a sequence {Ai}, where each Ai can be expressed as a union of a locally 
finite collection of pairwise disjoint solid tori (i.e., sets homeomorphic toS’ XI’), 
Ad+1 is contained in Int Ai, and H’ coincides with- the set of nondegenerate 
components ofnAi. Then they prove: 
Theorem 9 (Andrews-Rubin). If G is a cell-like USC decomposition of E3 defined by 
solid tori, thera (E3/G) x El = E4. 
As a corollary, one sees that the decomposition G of E3 into points and a null 
sequence of planar cell-like continua described by Sing in [14], which in so many 
ways represents he minimal cellular decomposition for which E3/G # ES, produces 
another exotic factor of E4. 
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The Shrinkability Criterion pervaded all the work listed here. Its central role in the 
study of cellular decompositions of n-manifolds was validated by Steve Armentrout 
for n = 3 [8], concluding a long investigation through special cases, and by L.C. 
Siebenmann for n a 5 [65]. 
Theorem 10 (Armentrout-Siebenmann). If G .% a cellular USC decomposition of an 
n-manifold M (n # 4) suith that M/G is a manifold, then G is shrinkable. Moreover, 
the same result holds with “cell-like” replacing “cellular,” provided that either 
M=E30rna5. 
During the 1960’s many topologists regarded much of the study of cell-like 
decompositions as a revelling in the pathology of manifolds, a revelling with, at best, 
minor impact on the primary development of the subject. In fact, some viewed the 
practitioners as perverse opposites to the legendary Knights of the Round Table, for 
bringing wildness into an otherwise ordered world. The Double Suspension Problem 
eventually brought about a reconsideration f such opinions. Itwas long-regarded as
a monumental problem in Geometric Topology, because the existence ofa nonsim- 
ply connected homology (n - 2).sphere whose double suspension was the n-sphere 
would clearly show the existence ofa simplicial but non-combinatorial triangulation 
of S”. M.L. Curtis, as well as others who followed him, certainly knew that 
decomposition theory provided a reasonable framework for attacking the Double 
Suspension Theorem. L.C. Glaser pubhcized this approach, pointing out that if K is a 
contractible polyhedron in E” such that w~(E” -K) is nontrivial and if (E”/K)x 
El = E”+l, then the double suspension of some nonsimply connected homology 
(n - 1).sphere would be the (n + I)-sphere [43]. 
With R.D. Edwards, Glaser then examined acondition under which (En/X) x 
E1 = En+’ [38]. Their setting involved ametric space Y and a cell-like subset X of Y 
satisfying 
(i) Y-X is homeomorphic toS x E’, where S is a simply connected space, and 
(ii) Y x J? is an (n + k)-manifold, where n + k 3 5. 
Theorem 11 (Edwards-Glaser). In t/ai,c setting, ( Y/X) x Ek = Y x Ek. 
As corollaries they obtained the $(kwown) results that the double suspension of a 
homotopy 3-&l and the single suspension of a homotopy 4-cell are each 
homeomorphic to 1’. 
Low dimensional evidence supporting the hypothesis of what Glaser called the 
Simplified Double Suspension Pl:oblem, mentioned previously, began to accumu- 
late. After an erroneous claim by L.R. Rubin [61], R.D. Edwards-R.T. Miller [39] 
and W.T. Eaton-CP. Pixley [33]1 independently derived a significant result about 
cell-like decompositions of E3. 
‘Theorem 12 (Edwards-Miller; Eaton-=Pixley). If G is a cell-like decomp&tion of E3 
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such that the closure of ~(Nc;) in E3/G is O-dimensional, then (E3jG) x E’ is ’ 
homeomorphic to E4. 
Later J.W. Cannon [22] obtained another proof of Theorem 12. His effort, like 
that of Edwards and Miller before him, probably was consciously aimed atk attacking 
the Double Suspension Problem. Much later, after the Double Suspension business 
had been completely settled, I used the invaluable methods developed for that 
purpose to give still another proof. But before discussing the breakthroughs center- 
ing on the Double Suspension Problem, we must digress to a consideration of an 
important related problem. 
5. Dimension of a decomposition and the dimension-raising problem 
A USC decomposition G of a metric space S is said to be k-dimensional if ?r(N,) 
has dimension k, and it is said to be closed-k-dimensional if the closure of w(N& in 
S/G has dimension k. Any decomposition G for which & is countable is O- 
dimensional; another way of describing the decompositions to which Theorems 4.7 
and 4.12 apply is to say they are closed-O-dimensional. 
For a finite dimensional separable metric space S, elementary dimension theory 
reveals that a USC decomposition G of S is finite dimensional if and only if S/G is. As 
a result, one of the basic unsolved questions about cell-like decompositions cab be 
stated as: 
Question. Is every cell-like USC decomposition f E” necessarily finite dimensional? 
Apparently Bing was the first to raise such a problem, which he did specifically for the 
case n = 3 [16, p. 191. One should observe the crucial role of cell-likeness in the 
problem; long ago W. Hurewicz showed how to construct aUSC decomposition f EY 
into connected sets such that E3/G contains acopy of the Hilbert cube [45]. 
Associated with the dimension-raising question above stands another large 
collection of results and problems, which cannot all be laid out here. We shall 
mention some aspects bearing upon our concerns. See T.A. Chapman’s lecture notes 
[27] or R.M. Schori’s recent survey [62] for other matters. 
G. Kozlowski and J.J. Walsh recently took care of the specific ase n = 3of interest 
to Bing [49]. 
Theorem 1 (Kozlowski-Walsh). If G is a cell-like USC decomposition DfE3, then 
E3/G has dimension 3. 
Kozlowski, who has worked extensively with cell-like decompositions of ANR’s, 
has shown that pathology in the associated decomposition spaces crops up according 
to whether or net they are also ANR’s. One consequence of his efforts [48], pertinent 
to our concerns, isthe following, also obtained by W. Haver [44]: 
130 Robert1 Da&man / Ceil-like decompositions 
Tiworem 2 (Haver; Kozlowski). Suppose G is a cell-like USC 
Then En/G has dimension n if and only if En/G is an ANR. 
decomposition of En. 
Although no one knows a finite dimensional example, J. Taylor has established 
that infinite dimensional ANR’s do admit strange cell-like decompositions [71]. 
ExampIe (Taylor). There exists a cell-like USC decomposition G of the Hilbert cube 
Q such that Q/G fails to be an ANR. 
Finally, R.D. Edwards has demonstrated the equivalence between the Question 
here and a classical problem in cohomological dimension theory [37]. 
Tiaeorem 3 (Edwardsj.4 compact metric space X has cohomological dimension n 
(thatis,forallclosedsubsetsAofXandallintegersi >n,#(X,A;Z)=O)ifandonly 
if X is a cell-like image of some compact, n-dimensional metric space. 
Moreover, as a possible step toward an answer, Edwards has asserted that such an 
infinite dimensional space X would exist if an affirmative answer could be obtained 
to a difficult question about he homotopy groups of spheres. 
6. The eeII4ike approximation theorem 
Early in 1975 R.D. Edwards announced that there exist certain non-simply 
connected homology spheres whose double suspensions are real spheres 135). He 
established this by performing asequence of very delicate operations to show that, 
for certain contractible but noncellular subpolyhedra # of En, (F/K) x E * = E”+l. 
In particular,. with a close scrutiny of some elegant reembedding techniques ofM.A. 
&an’ko [68], he proved that the double suspension of any homology n-sphere 
bounding a contractible (n + 1).manifold is the (n +2)-sphere [35]; in decom- 
position-theoretic erms, what he proved was: . 
Theorem (Edwards). If X is a cell-li. ke set in En, n a 4, then (E”/X) x E1 is 
homeomor;phic to En? 
From this, he readily obtained the hi aher dimensional version of the Edwards-Miller 
and Eaton-Pixley result (Theorem 4.12). 
CoroIIary. If G is a closed O-dimensional cell-like USC decomposition of En, n 3 4, 
then (Em/G) x El is homeomorphic to En? 
Edwards also showed, based upon the clever construction ofR.H. Bing revealing the 
shrinkability of a countable collection of flat arcs in a manifold [17], that the triple 
suspension ofany homology sphere is a real sphere [35]. 
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J.W. Cannon then shifted the emphasis. Interested not merely in analyzing 
product decomposition nor even in classifying the cellular decompositions of E” that 
reproduce E”, he hoped to characterize topologically manifolds in general and E” in 
particular. (He has expressed his perspective and some of his insights in a lucid 
expository address [23].) He conjectured that a topological n-manifold could be 
characterized as a generalized n-manifold. (that is, a finite dimensional, locally 
compact, metric ANR A4 such that &(A& M-point; 2) coincides with H,(E”, E”- 
point; 2) satisfying aminimal amount of general position, and he suggested that the 
appropriate general position property (for n a 5) would be the now basic Disjoint 
Disks Property (henceforth, tobe abbreviated as DDP): any two maps f, g of a 2-cell 
B2 into a (metric) space A4 can be approximated by maps f, g’ : B2+M such that 
f (B2)ng’(B2)=0. 
In 1977, first in [25] and then in a paper written jointly with Bryant and Lather 
1261, Cannon made substantial progress toward solving that conjecture. Part of that 
progress is reflected by the statement of the next result. 
Theorem (Cannon [25]). Suppose G is a cell-like USC decomposition f En (n a 5) 
such that G is closed-k-dimensional, where 2k + 2 < n. Then En/G = En if and only if 
En/G has the DDP. 
When X denotes the open cone over a homology n-sphere (n 2 3), Cannon derived, 
as a corollary to a more general theore.m, that X x El has the DDP. Moreover, he 
had established earlier that X x JZ1 is the cell-like image of En+2 [24]. The combina- 
tion settled the remaining unsolved issues about double suspensions. 
Corollary (Cannon). The double suspension ofevery homology n-sphere istopologi- 
tally Sn+2. 
A few months later Edwards improved upon Cannon’s Theorem. He discovered a 
strikingly beautiful proof to a characterization f the cell-like decompositions of 
manifolds that reproduce the source manifold [36], thereby confirming Cannon’s 
conjecture for those generalized manifolds that are cell-like images of manifolds. 
Cell-Like Approximation Theorem (Edwards). Suppose G is a finite dimensional 
cell-like decomposition f an n-manifold M, where n 3 5. Then M/G is a manifold 
homeomorphic to M if and only if M/G has the DDP. 
Edwards refers to this as the Cell-Like Approximation Theorem and prefers to state 
its concluding line as: the decomposition map 7~ : M + M/G can be approximated by
homeomorphisms iff M/G has the DDP. 
Before considering some of the consequences of this powerful result, we must 
mention the culmination to the search for a topological characterization f mani- 
folds. F. Quinn has shown that every generalized n-manifold, n 3 5, is the cell-like 
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images of an n-manifold [60]. Together with Edwards’ Cell-Like Approximation 
Theorem, this gives an affirmative answer to Cannon’s conjecture. 
7. AppfiaMions of the approximation theorem: product decompositions 
If a space Y has the DDP, it follows automatically that, for any space X, XX Y 
also has the DDP. As an immediate corollary. to Edwards’ Theorem, finite dimen- 
sional cell-like decompositions are stably shrinkable. 
Corollary 1. If /G is a finite dimensional cell-like USC decomposit& of En, then 
(En/G) x Es is homeomorphic to En? 
To date the best improvement on this reduces the number 5 to 2 (see [28]). 
CoroIbuy 2. If G is a finite dimensional cell-like USC decomposition of E”, then 
(EnjG) x E2 is homeomorphic to En+2. 
With restrictions 
obtained. 
on the image of the nondegeneracy set, better esults have been 
Corollary 3 (Cannon-Bryant-Lather). If G is a cell-like USC decomposition of E” 
(n 34) stich that ‘d;r(No) is contained in a generalized (n - Q-manifold in En/G, then 
(En/G) x E’ is homeomorphic to En? 
Corollary 3 is stated as Corollary 6.2 of [26] under slightly different hypotheses. 
Some suggestions about how to verify that (En/G) x E’has the DDP are made by 
Cannon in [25], (and some additiofial details about hat verification are given in [28]. 
CorolRary 4 (Cannon 125, Theorem 10.13. If G is a closed-(n -2).dimensional 
cell-1ikeuscdecclMlpositionofE” (n a4), then (En/G)xE’ ishomeomorphictoE”? 
Corollary 5 (Daverman [28, Theorem 3.31). If G is an (n - 3).dimensional cell-like 
USC decomposition of En (n 2 4), then (@“jG) x E’ is homeomorphic to En? 
Both Corollaries 4 and 5 can be viebqed as consequences of the more technical 
Corollary 6, a result which has constan&y prompted the suspicion that Corollary 5 
could be improved by one dimension. 
Corollary 6 (Daverman 128, Proposition 2.51). Zf G is a cell-like use decomposition of 
E” (n ~4) such thateach map f of B2 info E”IGcan be approximated by a map Ffor 
whkh dim F(B2)s n -2, then (E”JG) .X El is homeomorphic to En+‘. 
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Whenever En/G has any reasonable sort of internal structure, it seems to be 
possible to Barrove the product heorem. 
Corollary 7 (Daverman [28, Theorem 5.61). If G is a cell-like USC decomposition of 
En (n 3 4) such that En/G is locally encompassed by manifolds, then (En/G) x E * is 
homeomorphic to En? 1 
The space (En/G) is said to be Zocally encompassed by manifolds if each point of 
E”/G has arbitrarily small neighborhoods having (n - 1).manifolds as frontiers. 
Finally, C.D. Bass has shown that the product of two decomposition spaces 
obtained from manifolds of dimension at least 3 always has the DDP [SO]. 
Corollary 8 (Bass [lo]). If Gi is a finite dimensional cell-like USC decomposition of 
E W) where n(i) 2 3 (i = 1,2), then (E”“‘IG1) x (E”“‘/Gz) is homeomorphic to 
En(l)+n(2) 
. 
Clearly the big question, the Generalized Moore Problem, survives. Generally, in 
case G is a finite dimensional cell-like decomposition of En (n 2 4), (E “/ G) x EH 
cannot be overly complicated. As a direct consequence of the Cell-Like Approxima- 
tion Theorem, specifically of Corollary 4 above and the Corollary of Section 8 to 
follow, G x E’ must be secretly l-dimensional; that is to say, there exists a cell-like 
propermapf:E”+‘-*E”+’ /(G x E ‘) approximating the natural one such that f (IQ) 
has dimension at most 1, where Nf denotes the union of the nondegenerate s ts 
f’(x). This past summer Dennis Garity and I learned that, indeed, G x E1 is secretly 
O-dimensional. In fact, in Garity’s measure of the degree of entanglement i herent in 
cellular decompositions, G x E1 has the simplest possible variety: any (triple of) 
singular 2-cells {fi(B’) 1 i = 1,2,3} can be individually approximated by singular 
2-cells {E(B*)} such that Fl(B2) n F2(B2) n F3(B2) = 8. 
8. Applications of the approximation theorem: trivially extended decompositions 
Let G denote a decomposition fE”, considered as E” X(O) in E” x E’ = E’? 
Throughout this section we shall use G’ to denote the trivialextension of G over E n+1 ; 
that is, G’ consists of the elements of G plus the singletons from E” x (En - (0)). 
Before the appearance ofthe Approximation Theorem, cell-like trivial extensions 
G’ were thoroughly understood inonly a limited number of situations. The fact that 
E”+l/G’ = E”+l (G’ is shrinkable) was established 
(i) by L. Keldyg [46] in case G is cellular and closed-O-dimensional, 
(ii) by Armentrout [6] in case G is cellular and O-dimensional, nd 
(iii) by D, Everett [40] in case G is cell-like and O-dimensional. 
It deserves emphasis that all of these are valid even when n = 3. 
R.B. Sher [63] proved that (finite dimensional) cell-like decompositions have 
shrinkable stabilize< trivial extensions: if G is a finite dimensional cell-like 
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decomposition of E”, then there exists an integer m = m(n) such that the trivial 
extension af G on En, thought of as En x{O}c En xE” ==En+m, over En+” is 
shrinkable. 
The Approximation Theore-m leads to a sharp result about rivial extensions. 
Coro&q. ?%e tivial extension G’ over En+’ of any finite dimensional cel&like USC 
&composition G of En, n a 4, is shrinkable. 
Hints suggesting why E”+‘/G’ has the DDP can be found in [25] and [Zs]. 
This corollary has important applications in the final section about sliced de- 
compositions. In that section one can read what else currently is known pertaining to 
trivial extensions (over E4) of cell-like decompositions onE3. 
9. Decompositions of E” 
The Cell-Like Approximation Theorem trades on an engulfing argument that 
finds its major applications, as usual, only when the ambient dimension isat least 5. 
Geometrically the core of the argument isgiven by a special case of the following 
result, which is valid even as stated when n = 4, and which is the basis for the other 
results mentioned in this section. 
Theorem 1 (Edwards). If G is an (n - 3).dimensional cell-like USC decomposition of 
E”suchthatN~hasembeddingdimension sn-3,thenE”JGishomeomorphictoE”. 
The notion of embedding dimension isdue to MA. Stan’ko [67] and also has been 
studied by Edwards 1341. Loosely, an F, subset F of En is said to have embedding 
dimension s k if (n - k - 1).subpolyhedra of E” can be adjusted, via a small “general 
position” homeomorphism of E”, to miss F, and it turns out that this occurs whenever 
F can be expressed as a countable union of compact subsets each having embedding 
dimension 6k. 
Theorem 1 also serves as the primary force in still another proof of the Edwards- 
Miller and Eaton-Pixley result (Theorem 4.12). In the same fashion W.H. Row and I
obtained an improvement upon that raul2tt [32]. 
Theorem 2 (Daverman-Row). If G is ~3 O-dimensional cell-like USC decomposition of 
E3g then (E3/G) x El is homeomo.yhtc to E4. 
The argument depends on work of M. Starbird [69] that allows a recasting of the 
given decomposition G so that it rem ins O-dimensional but that, in addition, No has 
embedding dimension 1. 
Exploiting such methods, D.K. Preston and I then expanded the result another 
notch [3 1). 
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Theorem 3 (Daverman-Preston). If G is a cell-like USC decomposition of E 3 such that 
No has embedding dimension 1, then (E3/G) x E’ is homeomorphic to E4. 
Controlled variations to the 3-dimensional handlebody techniques of McMillan 
permit revision of any cell-like decomposition G of E3 such that ?r(No> lies in 
l-complex topologically embedded in E3/G as a new cell-like decomposition 6 
such that NC has embedding dimension 1and E3 JG = E3 j& 
Theorem 4. If G is a cell-like USC decomposition of E3 such that w(NG) is contained in
a l-complex topologically embedded in E3/G, then (E3/G) x E’ is homeomorphic to 
E4. 
If we knew as much about decompositions of E3 as we do about hose of E” when 
n > 3, we would have answers to the two questions below. 
Question 1. If G is a closed-l-dimensional cell-like USC decomposition of E’, is 
(E3/G) x E1 topologically E4? 
Question 2. If G is a cell-like USC decomposition of E3 such that w(NG) lies1 in a 
Smanifold embedded in E3/ G, is (ES/G) x E 1 topologically E4? 
10. Sliced decompositions 
A decomposition G of X x E1 is said to be sliced if each g E G lies in some X >( {s}, 
where s E E’. Product decompositions form a natural and significant class of sliced 
decompositions. Preston and I [30] have determined that sliced decompositioas 
reproduce the source manifolds under essentially the same conditions that product 
decompositions reproduce them; more precisely, if G is a sliced cell-like decom- 
position of E” x E’ and if the product of E1 and the decomposition associated with 
every slice is shrinkable, then E”+‘/G is E’? 
To explain the main result of [30], it is necessary to identify, for any sliced 
decomposition G of X x El and any slice X x {s), two distinct decompositions 
related to that slice: the first is the decomposition GS of X consisting of all subsets 
g’ c X such that g’ x {s} E G, and the second is the decomposition G(s) of X X E’ 
consisting of all g E G lying in X x {s} together with the singletons ef X X (El -{s}). 
Putting it another way, one can regard G(s) as the trivial extension of the decom- 
position GS x {s} on X x {s} over all of X x E ‘. 
Theorem 1 (Daverman-Preston). If G is a sliced cell-like USC decomposition 
E n+l = En x E’ satisfying 
(1) for each s E E’ G(s) is shrinkable and 
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(2) E’ contains a countable dense set D = {d(i)} such that each Gdfi) x E1 is 
shrinkable, 
then E”+‘/G = En? 
It is worth noting here that G(s) is shrinkable whenever GS x E’ is, even in case 
n + 1 = 4. Also, it may be worth mentioning that a similar result holds for sliced 
decompositions of Q x I. 
Theorem 1 gives another proof for Everett’s result hat the trivial extension G’ 
over E”+l of a O-dimensional cell-like decomposition E” x (0) is shrinkable. The 
idea is to produce ahomeomorphism 8 of E”+l to itself, preserving En coordinates, 
such that B(G’) is a sliced decomposition and no slice contains more than one 
nondegenerate element. Then condition (1) of the theorem holds, by McMillan’s 
Theorem (Section 2), and condition (2) of the theorem holds trivially. 
Listed below are some of the consequences of this theorem. 
CoroIIary 2. If G is a finite dimensional cell-like USC decomposition of E n+l = En x E 1 
(n a 4) such that, for each point d from some dense subset D of E’, either Gd is 
(n - 3).dimensional or Gd is closed-(n - 2).dimensional or ?r(Nod) lies in a general- 
ized (n -1).manifbld in En/Gd, then E”+‘/G = Et’? 
Cor~Wy 3. If G is a finite dimensional sliced cell-like USC decomposition of En x E’ 
(n ~4) such that, for each point d from some dense subset D of E’, EnIGd is locally 
encompassed by manifolds, then E”+‘/G = En+‘. 
Corollary 4. If G is a sliced cell-like USC decomposition of E 3 x E 1 such that, for each 
s E E’, either Gs is O-dimensional or ?r(N~s) lies in a 1 -complex in E3/G”, then 
E4/G = E’. 
CoroUary 5. If G is a 1 -dimensional cell-like USC decomposition of E 3, considered as 
E3 x(O) in E4, and if G’ is the trivial extension of G to all of E4, then E4 JG’ = E4. 
Corollary 6. If G is a cell-like USC decomposition of E3 = E3 x (0)~ E4 such that 
R(NG) lies in a Smanifold embedded in E3/o, then E4/G’ = E4, where G’ denotes 
the trivial extension of G over E4, 
As in the proof of Corollary 5, the idea is to produce a hGmeomorphism 8 of 
E3 x E’ to itself, preserving E3-caaordinates, so that 8(G) is a sliced decomposition f 
E” x E’ to which Corollary 4 cahl be applied. 
The results of Corollaries 5 and 6 recycle through Theorem 1 to yield various 
improvements to Corollary 4, but leave unsettled the following: . 
Question. If G is a closed-2-dimensional cell-like decomposition of E”, must its 
trivial extension over E4 be shrinkable? 
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Corollaq 7. If G is a sliced cell-like USC decomposition fE” x E’ such that for each 
s E E’ there exists an embedding e,of M”-l x I in En x (s), where AT1 d.enotes a 
(n - 1).manifold, and HG~ = {e,(r x I) 1 z E M”-l}, then E”+‘lG = En+‘. 
See Corollary 4.5 and Corollary 7.3. 
Finally, twice-sliced finite dimensional cell-like decompositions, like the product 
of decompositions with E*, always are shrinkable. ’ 
Corollary 8. IjG is a finite dimensional cell-like USC decomposition of En +* = En x E * 
such that each g E G is contained in some En x (zJ, where z, E E*, then E’%+*/G = 
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